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Chemical Engineering Numerical Method

- System of Linear Algebraic Equations

This chapter deals with the case of determining the values
X/, x2, ..., xn that simultaneously satisty a set of equations:

alixi + arx2 + ... .+ ainxn = bi
a2ixi + ax2 + ... .+ azaxn = b2
anixi + an2x2 + ... .+ annxn = bn

where the a’s are constant coefficients, b’s are constants
and n 1s the number of equations.
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Goals and Objectives

v'Be able to solve problems involving linear algebraic equations
v’ Appreciate the usage of linear algebraic equations in any field of
engineering
v'Mastering several techniques and their reliability

(dNaive Gauss elimination

(JGauss-Jordan elimination

LU decomposition

Gauss Siedel

(dJacobi’s method

v'Be able to use a program to successfully solve systems of linear
algebraic equations
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Naive Gauss Elimination

A systematic technique use to solve linear algebraic equations
simultaneously with two steps:

a) Forward elimination

- the equations were manipulated to eliminate all the elements
below the main diagonal of matrix A

b) Back Substitution
- the elimination step result in one equation with one unknown.
- the equation could be solved directly and the result back-
substituted into one of the original equations to solve the
remaining unknown.
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- The procedure of Naive Gauss Elimination

Representing the linear algebraic equations in an augmented matrix form.

alixt + aizx2 + ai3x3 + .. + ainXn = Cl

alE H13“ lﬂlr‘i ‘xl Cl
a2ixi1 + a22x2 + a23x3 + .. + a2nXn = C2
HZZ HE:’;“ Hﬂn -xz CE
= _ a31X1 + a32x2 + a33x3 + .. + a3nxn = C3
ad;, dy..d,, || X s . . : : :
a, a,.. anJL X, c, anlX1 + an2x2 + an3x3 + .. + annXn = Cn
N —_—
a, a, a,. a, : c, - (1) = Label as row or eqn. (1).
|
all HEZ alj“ HZH : ‘32 - (2)
|
ay, 4y, dy.. 4y, | G - (3)
|
._aul auz an_’r“ a:m ! lf4_ - (1‘1}
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~ Steps of Naive Gauss Elimination (ex. 3 unknowns in 3 equations).
A) Forward elimination

a) To eliminate the first unknown, x1, from the second through the nth row/eqn.
- row/eqn (1) 1s called the pivot equation, and ai1 1s called pivot element.

da, d,, ﬂl3iﬂl_—(l)
d, d, 4, :Cz _(2)
|
a, a, a,!¢,|-G) Y (i) (I)xay/a, = (la)

i) (2)-(a) =(2)

(i) (1) x ay/a;, = (1b)
l' — (iv) 3)—(1b) = (3

|
Ay Gp Gy 1 G ~(M ) the prime ' indicates that the
a, a, | c|—(2) elements have been modified.
|
N H;E ags : C;__(:J’r)
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: - »Steps of Naive Gauss Elimination (ex. 3 unknowns in 3 equations).

b) To eliminate the second unknown, x2, from the third through the nth row/eqn.
- row/eqn (2') is called the pivot equation.

lﬂll

C

C

1
'
2
'
3

C

I
-(2))
-3
(1) (2)xa'y,/a,, = (2'a)
(i) (3)—(2'a) = (3")
-1
-(2) the double prime " indicates that the
~(3" elements have been modified twice.
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~ Steps of Naive Gauss Elimination (ex. 3 unknowns in 3 equations).

B) Back Substitution

From equation (3") : [a'33 ¢"33] ® a"33x3 =¢"3
4 x3 =c"3/a"33

the result x3 can be back-substituted into eqn (2') and (1) to solve for x2andxi.

x, =(c,—a,x,)/ a,
2 2 23743 22 } From equation (2') and (1)

X = (El —d,X, — HH.XSE)/H“
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Naive Gauss Elimination
(assignment in class)

Use Naive Gauss elimination to solve the following
equations.

X1+ x2—x3=-3
6x1 + 2x2 +2x3 =2
Bxt+4x2+x3=1



a)

.. 0

Chemical Engineering Numerical Method

Gauss-Jordan Elimination

"Steps of Gauss-Jordan Elimination (ex. 3 unknowns in 3 equations).

Change the value of ai1 to 1 and eliminate the other elements in the first

column.
all ali
all ali
_ail HE"-’
B [}
1 a,
r
0 't .
r
_0 s,

1=

-(2)

-3)

1-)

-(2)

1=@3)

i) ()x1la, =1
(i) (INxa, = (l'a)
(i) 2)—-(l'a) = (2"
(V) (INxa, =(I')
(v) 3)-(I'p) =(@3)

the prime ' indicates that the
elements have been modified.
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-} Steps of Gauss-Jordan Elimination (ex. 3 unknowns in 3 equations).

b) Change the value of a'22 to 1 and eliminate the other elements in the
second column.

1 a, a, i e =)
0 ap ayic|=(2) i) @)xlay,  =@2"
0 af, af,'c|-3) ) (i) (2" xa', = (2"a)

(1) (1) —(2"a) = (1)

(iv) 2")x a';, — (2"b)
l ) e SR

1 0 a" 'e"l=@" the double prime " indicates that the
a1 ¢ |— (1) e .
. ” — elements have been modified twice.
0 1 ay c|—(2)
|
_0 0 a3 :C;__(?’”)
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Tgteps of Gauss-Jordan Elimination (ex. 3 unknowns in 3 equations).

¢)  Change the value of a"33 to 1 and eliminate the other elements in the

third column.

1 0 aic|-(1"
0 1 a!c|-2"
0 0 a ! cl|-@3
10 0! c-0"
0 1 0!c|-2"
0 0 1!¢]-3"

— i) @"xla"y, =(@3")
i) 3")xa",; = (3"a)
(i) (1 -(3"a) = (1"
(iv) 3")xa"y; = (3""b)
v) @)-3"D) ="

_

the triple prime 23 indicates that the
elements have been modified three times.
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" ‘?ﬁgteps of Gauss-Jordan Elimination (ex. 3 unknowns in 3 equations).

d) The value of the unknowns can be determined directly without the
back substitution step as in the naive gauss elimination.

1 0 0,¢"[—-(1" : N
! 1 0 0] x ¢l

0 1 0] -2 .
L 0 I Ofx,|=]|c

0 0 I'c|—-(3") .
- - 0 0 1|ux Cy

_ mn

X1 =6
_ )
Xy =6
m
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Gauss Seidel Method

The most commonly used iterative method for linear equations solving.

The linear equations were derived so that the first equation can be solved
for x1, the second can be solved for x2 and the third can be solved for x3.

alixt + aizx2 + ai3x3 + .. + ainXn = Cl
azixi + a22x2 + a23x3 + .. + a2nXn = C2

a3ix1 + a32x2 + a33x3 + .. + A3nXn = C3

dnlX1 + aAn2X2 + aAn3X3 + .. + AnnXn = Cn

_ G mapX, —apXy = —a X, _ Gy —dy Xy —dy Xy~ — Ay, X,
Il — _1:2 o
ay ay)
X, = CE — HBI‘xl _ HBE‘xE - aSn‘xu X = Cn — HHEXZ _ ﬂ”3x3 - anm‘xm
3 “*n T

as; a

nn
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Jacobi’s Method

the Jacobi method is an algorithm for determining the solutions of a

with largest absolute values in each row and
column dominated by the diagonal element. Each diagonal element is
solved for, and an approximate value plugged in. The process is then
iterated until it converges. This algorithm is a stripped-down version
of the

k+1 k
X =(bi—2aijxj)/aii

J#i

k=0,1,...

Convergence Test
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Step for Gauss Seidel

C
Xy =
a |
(¢, —a,x,)
Xy =
ds
a4
(c; —ds3 X —dsX,)
Xy =
dyy
First Iteration
| i
X! —x:
3‘”- =| : I.j IUU%{ET

X:

H

S 1
Ay
_AC, —a,x, —a,:x,)
Xy =
dy,
(e d3,X A3, X5 )
Xy =

Second Iteration

convergence criteria where j andj -/ are
the present and previous iterations
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Gauss Seidel

(assignment 1n class)

Use the Gauss Seidel method to solve the following
equations (&s =5 %).

17x1 - 2x2 - 3x3 = 500
Sx1 4+ 21x2 - 2x3 = 200
“S5x1-5x2 + 22x3 = 30
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Gauss Seidel — assignment in class

Figure 1.0 shows a chemical process consists of 3 reactors linked by pipes. The mass flowrate
of a chemical (g/s) through each pipe is equal to its concentration in each reactor, ¢ (g/ms3)
multiplied by the volume flowrate (m3/s) of the pipe. Assume the system is at a steady state, so
that the transfer into each reactor will balance the transfer out. Develop mass-balance equations
for the reactors, and solve the equations simultaneously for the unknown concentrations (c1, c2,
c3) using Gauss-Siedel method with & = 5%.

30 g/s (17 m3/s)(c3)
(14 ma/s)(c2) —*
(5 m3/s)(c2) .
_200g/s | R2 (2 m3/s)(c3) R3
F 3 k .
Figure 1.0
(2 m3/s)(c2) Gmis)cs) | (5 m¥s)er)
(5 m3/s)(c1)

500 g/s R1

hd

- »
(7 ma3/s)(c1)







